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Two types of synchronization in unidirectionally coupled chaotic
external-cavity semiconductor lasers
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We study numerically two distant unidirectionally coupled single-mode semiconductor lasers subject to
coherent optical feedback. We show that two fundamentally different types of chaotic synchronization can
occur depending on the strengths of the coupling and of the feedback of the receiver laser.
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Very shortly after the discovery of synchronized cha
@1#, the use of this phenomenon to realize private commu
cations was suggested@2#. The idea is to conceal a
information-bearing message into the noiselike output o
chaotic transmitter and to exploit the synchronization o
receiver with the chaotic output of the transmitter to reco
the information signal. We examine here the case of t
unidirectionally coupled distant external-cavity chaotic la
diodes. These devices are well suited for high-speed com
nication networks based on optical fibers and their synch
nization has been demonstrated experimentally by diffe
groups@3–6#. Moreover, the presence of an optical feedba
means that high-dimensional chaotic dynamics can be
duced@7#. This property can be useful since the use of hig
dimensional chaos has been proposed as a way of increa
the security level of chaotic optical cryptography@8#. In this
Rapid Communication, we consider two identical sing
mode semiconductor lasers, each having its own feedb
loop created by an external mirror. The round-trip time in t
external cavity of each laser ist. It is the same for both
lasers. We show that two different types of synchronizat
can occur if the two lasers are unidirectionally coupled. D
pending on the operating conditions, the output of the
ceiver, at timet, synchronizes with the signal that is injecte
into it at the same timet or with the signal that will be
injected into it at timet1t. The latter type of synchroniza
tion can be described as a form of anticipating synchron
tion as defined by Voss@9#. On the contrary, no phenomeno
of anticipation is found in the former type of synchronizati
and we will refer to it as conventional synchronization.

The transmitter and receiver lasers are two very sim
semiconductor lasers subject to weak to moderate cohe
optical feedback. The lasers are assumed to be single m
even in the presence of external optical feedback. The un
rectional coupling is realized by optically injecting a fractio
of the light produced by the transmitter into the active reg
of the receiver laser. We model the two lasers by using
rate equations for the amplitudeE(t) of the electric field, the
slowly varying phasef(t) of the electric field, and the car
rier numberN(t). The presence of an optical feedback
taken into account by following the Lang and Kobayas
approach@10#. The rate equations for the transmitter las
~subscriptT! are
1063-651X/2001/64~4!/045203~4!/$20.00 64 0452
s
i-

a
a
r
o
r
u-
-

nt
k
o-
-
ing

-
ck
e

n
-
-

-

r
nt
de
i-

n
e

i
r

dET~ t !

dt
5

1

2 H g@NT~ t !2N0#

11sET
2~ t !

2
1

tp
J ET~ t !1gTET~ t2t!

3cos@~v0t!T1fT~ t !2fT~ t2t!#, ~1!

dfT~ t !

dt
5

a

2 H g@NT~ t !2N0#

11sET
2~ t !

2
1

tp
J

2gT

ET~ t2t!

ET~ t !
sin@~v0t!T1fT~ t !2fT~ t2t!#,

~2!

dNT~ t !

dt
5

I

e
2

NT~ t !

tS
2

g@NT~ t !2N0#

11sET
2~ t !

ET
2~ t !. ~3!

The internal parameters of the laser are the gain param
g51.53104 s21, the gain saturation coefficients55
31027, the carrier number at transparencyN051.53108,
the linewidth enhancement factora55, the photon lifetime
tp52 ps, and the carrier lifetimetS52 ns. The operating
parameters are the injection currentI 544 mA ~e is the el-
ementary charge!, the feedback rategT5231010s21, the
external-cavity round-trip timet50.2 ns and the phase mis
match after one round trip (v0t)T522.5 rad (mod 2p). Ex-
cept for the phase mismatch, the parameter values are t
from Ref.@11#. For these parameter values, the laser oper
in the chaotic regime of fully developed coherence collap

The receiver laser is subject to external optical feedb
and to optical injection. The injection is described by addi
a suitable forcing term to the standard laser equations@12#.
We assume that no distortion is experienced by the elec
field during its propagation between the transmitter and
ceiver lasers. Therefore, the electric field that is injected
time t into the receiver laser is proportional to the elect
field that was produced by the transmitter laser at timt
2tc , where tc is the light propagation time between th
output facet of the transmitter laser and the facet throu
which light is injected into the receiver laser. In the simu
tions,tc is chosen equal to 10 ns without loss of generali
We also assume that the parameters of the two lasers
identical except for the feedback rates (gT ,gR) and for the
©2001 The American Physical Society03-1
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solitary laser frequencies (v0,T ,v0,R). The dynamical behav
ior of the receiver laser~subscriptR! is described by the rate
equations

dER~ t !

dt
5

1

2 H g@NR~ t !2N0#

11sER
2~ t !

2
1

tp
J ER~ t !1gRER~ t2t!

3cos@~v0t!R1fR~ t !2fR~ t2t!#

1gextET~ t2tc!cos@~v0,R2v0,T!t1fR~ t !

2fT~ t2tc!1v0,Ttc#, ~4!

dfR~ t !

dt
5

a

2 H g@NR~ t !2N0#

11sER
2~ t !

2
1

tp
J

2gR

ER~ t2t!

ER~ t !
sin@~v0t!R1fR~ t !2fR~ t2t!#

2gext

ET~ t2tc!

ER~ t !
sin@~v0,R2v0,T!t1fR~ t !

2fT~ t2tc!1v0,Ttc#, ~5!

dNR~ t !

dt
5

I

e
2

NR~ t !

tS
2

g@NR~ t !2N0#

11sER
2~ t !

ER
2~ t !, ~6!

wheregext is the external injection rate.
The aim of this Rapid Communication is to show that tw

fundamentally different types of synchronization can oc
in unidirectionally coupled external-cavity semiconductor
ser diodes depending on the values of the external injec
rategext and of the receiver feedback rategR . We assume in
the following that there is no detuning between the two
sers (v0,T5v0,R5v0). The first type of synchronization
found @11,13#, which we call conventional synchronizatio
corresponds to the fact that$ER(t),v0t1fR(t),NR(t)%
tends to reproduce $aET(t2tc),v0(t2tc)1fT(t2tc)
1Df ,NT(t2tc)1DN%, wherea, Df , andDN are constants
This means that the electric field produced by the rece
laser at timet synchronizes, up to a constant for its amplitu
and phase, with the electric field that was produced by
transmitter laser at timet2tc , which is also the electric field
that is optically injected into the receiver at timet. This type
of synchronization can be achieved if we take identical v
ues for the feedback ratesgT ,gR and an external injection
rate gext that is sufficiently high. We take heregT5gR
520 ns21 andgext540 ns21. It is possible to determine ana
lytically that, for the parameter values chosen here,a is ap-
proximately equal to 1.016@13#. Figure 1 shows the ampli
tude of the electric field injected into the receiver laser
time t multiplied by the constant factora, aET(t2tc), and
the amplitude of the electric field produced by this laser
the same timet, ER(t). We clearly see the synchronizatio
between these two signals. The corresponding synchron
tion error,aET(t2tc)2ER(t), is also represented in Fig. 1
We notice that the synchronization error is not equal to ze
which means that this form of synchronization is not perf
when the lasers are identical. However, if different pho
lifetimes are assumed for the two lasers, a specific valu
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the external injection rate, called the optimal injection ra
@13#, ensures a perfect synchronous solution.

Since ER(t) reproducesaET(t2tc) except for a small
synchronization error, the derivatives of these two variab
must be almost identical. Therefore, the sum of the terms
the right-hand side of rate equation~4! must be almost iden-
tical to the sum of the terms of the right-hand side of t
shifted rate equation

d@aET~ t2tc!#

dt
5

1

2 H g@NT~ t2tc!2N0#

11sET
2~ t2tc!

2
1

tp
J aET~ t2tc!

1gTaET~ t2t2tc!cos@~v0t!T

1fT~ t2tc!2fT~ t2t2tc!#. ~7!

We examine here how these different terms lead to eq
sums and therefore to synchronization. The right-hand s
of the rate equations~4! and ~7! contain a first term that
corresponds to a competition between photon gain and
mechanisms, a second term that takes into account the e
nal optical feedback, and in the case of the receiver r
equation, a last term for the optical injection. These terms
represented in Fig. 2 after synchronization has occurred.
clearly see that the feedback term of the receiver is equa
the feedback term of the transmitter. On the contrary,
terms expressing a competition between photon gain and
mechanisms are different in~4! and ~7!. This is principally
due to the existence of a constant differenceDN between
NT(t2tc) andNR(t). It can easily be shown that this con
stant differenceDN implies that the difference between th
two terms expressing a competition is almost proportiona
ET(t2tc). The injection term in~4! is also approximately
proportional toET(t2tc) because of the synchronization, u
to a constantDf, of fR(t) with fT(t2tc). In a synchro-
nized state, the role of the injection term is to compensate
the difference between the terms expressing a compet
between gain and loss mechanisms as can be seen in F
The same type of compensation occurs in the phase
equations. Simulations have been performed for different

FIG. 1. Conventional synchronization.~a! Amplitude of the
electric field injected into the receiver laser.~b! Amplitude of the
electric field produced by the receiver laser.~c! Synchronization
error.
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rameter values than those given in this rapid communica
and the same phenomena were observed. A simpler sync
nization scheme in which the receiver laser is subject onl
optical injection has been proposed@4,6#. With this scheme,
if conventional synchronization can occur in the single-mo
case, it cannot be described by the above mechanism s
the receiver has no feedback term (gR50).

The other type of synchronization corresponds to the s
chronization of$ER(t),v0t1fR(t),NR(t)% with $ET@ t2(tc
2t)#,v0t2v0tc1v0t1fT@ t2(tc2t)#, NT@ t2(tc2t)#%
as presented in Ref.@7#. It can be easily shown from Eqs
~1!–~6! that, in the absence of spontaneous emission no
this synchronized solution exists if

gT5gR1gext. ~8!

We insist on the fact that this condition ensures the existe
of the synchronized solution but does not tell anything ab
its stability. Physically, the electric field produced by t
receiver laser at timet synchronizes with the electric fiel
produced by the transmitter at timet2(tc2t), which is the
field that will be optically injected into the receiver laser
time t1t. Voss has shown@9# that for certain unidirectiona
coupling configurations of two chaotic systems, the driv
system anticipates the driver by synchronizing with one of
future states. The synchronization presented here co
sponds to the same type of phenomenon when a propag
time tc between the two systems is taken into accou
Therefore, we call the second type of synchronization ‘‘a
ticipating synchronization’’ as we have suggested in R
@14#. Masoller has pointed out in Ref.@15# that the receiver
anticipates the electric field produced by the transmitter o
if tc,t but we emphasize the fact that the synchronizat
type is the same whatever the value oftc : for any value of
tc , the electric field produced by the receiver laser synch

FIG. 2. Conventional synchronization. Contributions to the e
lution of aET(t2tc) given by Eq.~7! andER(t) given by Eq.~4!:
first term of the right-hand side of Eq.~7! ~dots!; feedback term in
Eq. ~7! ~crosses!; first term of the right-hand side of Eq.~4! ~dash-
dot!; feedback term in Eq.~4! ~thin solid line!; external injection
term in ~4! ~thick solid line!.
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nizes with the field that will be injected into itt seconds later
and not, as in conventional synchronization, with the fie
that is injected at the same time. So the second type of s
chronization is always anticipating with respect to the
jected field. Figure 3 displays a simulation of the synchro
zation scheme forgT520 ns21, gR55 ns21, and gext
515 ns21. It appears clearly that the output of the receiv
ER(t) anticipates the signal that is injected into it,ET(t
2tc), with an anticipation time equal tot50.2 ns. Figure 3
also presents the synchronization error, defined here
ET@ t2(tc2t)#2ER(t); contrary to Fig. 1, the synchroniza
tion is perfect. However, we have noticed that for feedba
rates larger than 10 ns21 approximately, the synchronizatio
quality degrades dramatically because of the instability
the synchronous solution. This behavior of perfect anticip
ing synchronization has also been found numerically in u

FIG. 4. Anticipating synchronization. Contributions to the ev
lution of ET(t2tc1t) given by Eq.~9! andER(t) given by Eq.~4!:
first term of the right-hand side of Eq.~9! ~dots!; feedback term in
Eq. ~9! ~•••3•••!; first term of the right-hand side of Eq.~4! ~dash-
dot!; feedback term in Eq.~4! ~thin solid line!; external injection
term in ~4! ~thick solid line!. The origin of time is not the same a
in Fig. 2.

-

FIG. 3. Same as Fig. 1 for the case of anticipating synchron
tion.
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directionally coupled semiconductor lasers subject to in
herent optical feedback as shown in Ref.@16#.

In this type of synchronization, sinceER(t) synchronizes
with ET@ t2(tc2t)#, the sum of the terms of the right-han
side of the rate equation~4! must be equal to the sum of th
terms of the right-hand side of

dET~ t2tc1t!

dt

5
1

2 H g@NR~ t2tc1t!2N0#

11sET
2~ t2tc1t!

2
1

tp
J

3ET~ t2tc1t!1gTET~ t2tc!cos@~v0t!T

1fT~ t2tc1t!2fT~ t2tc!#. ~9!

The different terms of~4! and ~9! are represented in Fig. 4
This time, the terms expressing a competition between g
and loss mechanisms are identical. The external injec
term is proportional to the two feedback terms because of
synchronization ofER(t2t) with ET(t2tc) and of fR(t
2t) with fT(t2tc)2v0tc1v0t. When condition~8! is
met, the feedback term of the transmitter is equal to the s
of the receiver feedback and injection terms as can be see
Fig. 4. The same mechanism occurs in the rate equation
the slowly varying phase. Anticipating synchronization
the case where the receiver is subject only to external op
injection can be explained exactly in the same way. It cor
sponds to the special case for which condition~8! is met by
choosinggext5gT and gR50: the receiver feedback term
.

y
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vanishes and the injection term alone compensates for
transmitter feedback term. This configuration has been s
ied numerically in@17#.

In practice, the quality of the synchronization is degrad
by spontaneous emission noise, by a mismatch between
parameters of the two lasers, or in the case of chaotic se
communication, by an information-bearing signal that
mixed with the chaotic output of the transmitter laser.
quantitative study of the influence of a mismatch betwe
internal parameters has been reported in Ref.@11# for con-
ventional synchronization. In the case of anticipating sy
chronization, our simulations show that when spontane
emission noise or small relative differences between par
eters~1%! are taken into account, brief bursts of desynch
nization appear in the synchronization error but, except
these bursts, the phenomenon of anticipating synchroniza
is clearly preserved.

In conclusion, we have shown that the chaotic output
an external-cavity semiconductor laser can be reproduce
an external-cavity receiver laser via two fundamentally d
ferent types of synchronization, conventional and anticip
ing synchronization. The type of synchronization obtain
depends on the receiver feedback and external injec
rates.
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